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ABSTRACT: We propose a theory of aggregation in solutions of amphiphilic copolymers consisting mostly
of insoluble H (hydrophobic) units with a small fraction of soluble (P, polar) monomer units. When P
units are arranged along the sequence in a periodic (regular) fashion, the resultant HP copolymers are
essentially insoluble: they precipitate. The main result is that finite aggregates of HP copolymers can be
made stable by an appropriate smart arrangement of the same number of soluble P units in the chemical
sequence. An analytical approach yielding the thermodynamic quantities of H-core/P-shell copolymer
structures in the weak stretch limit is developed. We show that different types of copolymer aggregates
and microdomain structures can be thermodynamically stable depending on the copolymer chemical
sequence. The relationship between the block-length distribution and copolymer aggregation is illustrated
by a few phase diagrams. Copolymers that can form stable finite aggregates with H-core/P-shell structure
(including single-chain globules) are often referred to as the proteinlike copolymers. Thus, the present
theory sheds a new light as to the essential features of proteinlike copolymer sequences.

1. Introduction

Segregation and precipitation of polymers is one of
the most common phenomena occurring in macromo-
lecular systems. It often results in a macroscopic phase
separation, e.g., between the polymer and the solvent.
In some cases, the aggregation may be stopped at an
intermediate stage yielding a system of finite aggregates
(micelles) or even compact globules of individual poly-
mer chains. It is the latter possibility that can provide
the most promising basis for development of functional
polymeric materials (just recall remarkable properties
of block copolymer micellar solutions,1 globular pro-
teins,2 or fine emulsions and dispersions in polymer
blends3).

It is well-known that homopolymer globules are
intrinsically unstable with respect to precipitation.4
Hence, there is the necessity to resort to copolymers
(heteropolymers) with two or more monomer unit types.
For example, if hydrophilic side chains are grafted to a
hydrophobic backbone, then the grafted chains can form
stable starlike micelles (or globules) with a hydrophobic
core protected by a hydrophilic shell. It is well-known,
however, that such stars are thermodynamically stable
only if the core is relatively small in comparison with
the hydrophilic corona. It is likely that such a thick shell
can provide undesirable screening of the (possibly
functional) core. That might be one of the reasons why
the typical structure of globular proteins is different:
their hydrophobic cores are protected by relatively thin
and transparent hydrophilic shells.

Hence the following question appears to be natural
and relevant: Is it possible to make nonprecipitating
copolymers (forming thermodynamically stable globules
or finite aggregates) by incorporating a small fraction
of soluble monomer units in the essentially insoluble
polymer chain. This problem is not trivial: it is rather
obvious that regular HP chains would readily precipi-
tate from solution possibly forming an inverse micro-

domain structure (P cores, H coronas). Nevertheless, we
show below that the desired stabilization can indeed be
achieved with specially tuned irregular HP copolymer
sequences.

The paper is organized as follows: In the next section
we consider the general model, identify the main free
energy contributions and discuss aggregation of regular
HP copolymers. At the end of the section the notion of
H-PH copolymers is introduced. Their aggregation
behavior is analyzed in section 3. Next we turn to more
general irregular sequences. Analytical theory treating
equilibrium core/shell structures formed by such copoly-
mers in the regime of weakly stretched blocks is
developed in section 4. The resultant phase diagrams
and other findings are discussed in the last section.

2. The Model
We consider a solution of HP copolymer chains mainly

consisting of insoluble (hydrophobic, H) blocks separated
by hydrophilic (polar, P) groups.5 The solution is as-
sumed to be dilute; hydrophobic blocks are much longer
than soluble polar groups.6 The mean length of an H
block is nj . 1. It is assumed that long homopolymer H
chains (without P units) would precipitate and form a
homogeneous polymer phase with concentration (num-
ber of H units per unit volume) c0. P units serve to
stabilize either finite aggregates (globules) formed by
HP copolymers or their microdomain structures in the
precipitate. The anticipated structure of an aggregate
involves a nearly homogeneous H core and a relatively
thin surface layer decorated by P units. We assume that
the core environment is so unfavorable for P units that
all of them are located in the surface layer. Thus, the
H blocks must be somewhat extended so as to span the
aggregate’s thickness D. Depending on the ratio of D to
the Gaussian block size bnj1/2, we distinguish the weak
stretch (D , bnj1/2) and strong stretch (D . bnj1/2)
regimes. The latter regime (SSL with polydisperse H
blocks and in nonplanar geometry) does not seem to be
tractable analytically. Therefore, it is the weak stretch
limit (WSL) that is considered below (see section 4.1).† Address correspondence to the Institut Charles Sadron.
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2.1. The Free Energy. Consider an aggregate formed
by one or several HP chains each consisting of NH
hydrophobic monomer units and NP polar (P) units, NP
, NH. Its free energy F incorporates the following basic
contributions:

where Fvol ) Vfvol(c) is the free energy of the nearly
uniform hydrophobic core (V is the core volume, c )
NH/V is the concentration in the core), Fsurf ) Aγ is the
surface free energy (A is the surface area), Fconf is the
conformational free energy of H blocks associated with
the restriction that their ends must be located at the
surface, and Fbend is the elastic energy due to surface
curvature. The effective surface tension γ incorporates
the interfacial tension γH between the reference hydro-
phobic (H) homopolymer and the solvent, and the
contribution due to the presence of P units: γ ) γ(σ),
where σ ) NP/A is the surface concentration of P units
(γ(σ) includes both the energy of affinity of P units to
the surface and the energy of their interactions).

The bulk term Fvol is formally dominant, however it
merely defines the core volume of the aggregate, V )
V0 ) NH/c0 and the concentration c0 of H units in the
core. Likewise, Fsurf defines the optimal surface area A
) A0. (We assume that the typical surface energy is
much larger than the conformational energy.) Thus, the
aggregate’s equilibrium structure must correspond to
the minimum of the residual free energy per unit
volume, (Fconf + Fbend)/V0, for a given surface-to-volume
ratio R ) A0/V0. In the case of a deficit of P units, the
optimum area A0 may be too small to be accessible for
a given V; this would only mean that larger aggregates
(with larger V and smaller A/V ratio) are more favorable;
i.e., the aggregates would coalesce.

The bending energy can be expanded in terms of the
principal surface curvatures C1, C2:7,8

where C0 is the spontaneous curvature. Here we assume
that the curvatures are small: the surface layer thick-
ness h defined by the size (length) of P units is much
smaller than the aggregate’s size D. The mean (K) and
Gaussian (KG) bending moduli depend primarily on the
structure of P units and their interactions. For example,
we may assume that each P unit is actually a relatively
short block of nP subunits grafted to the main H chain.
If the difference of chemical potentials that drives P
blocks from inside the core to the surface is much higher
than the thermal energy kBT, then nearly all P units
must accumulate at the surface. It is then natural to
expect that P units form a surface brush facing the
solvent. The relevant elastic constants predicted for
swollen brushes are9

where w is the second virial coefficient of interaction of
primary P monomers and b′ is the statistical segment
length of a P block.10

Typically K > 0, KG < 0.8,9 The latter condition means
that two separate aggregates have lower bending energy
than a united aggregate obtained by connecting the two
primary aggregates by a small neck (Figure 1).

2.2. Regular Copolymer. In this section we consider
the simplest case of regular copolymer (all H blocks of
the same length). An estimate of the ratio of Fbend to
Fconf can be done in a very simple way: The typical
conformational energy per one H block is kBT (in the
intermediate regime at the crossover between WSL and
SSL); the typical surface energy per P unit is somewhat
larger than kBT. Therefore, Fsurf/Fconf ∼ 1. On the other
hand it seems likely that the bending energy Fbend scales
as Fsurf(Ch)2, where C ∼ 1/D is the typical surface
curvature, and h is the surface layer thickness (see eq
1). Therefore, Fbend/Fconf ∼ (h/D)2, i.e., Fbend , Fconf for a
regular copolymer since h , D. Hence, we may neglect
Fbend in the first approximation.

A qualitative argument pointing to the equilibrium
structure of regular copolymers is presented below: The
conformational energy per H block can be crudely
estimated as F conf ∼ D2/(njb2), where b is the statistical
segment of the block. We expect that HP copolymers
either form low-dimensional aggregates (spheres, cyl-
inders or layers) or precipitate forming an inverse
structure (e.g., spherical domains containing solvent in
the copolymer matrix). The size of low-dimensional
aggregates is defined by the ratio R ) A/V of the
(optimal) area of H/solvent interfaces to the volume of
hydrophobic cores: D ∼ 1/R. On the other hand, D for
an inverse structure can be made arbitrarily small for
any given R.

As a simple example consider inverse spheres of
radius R (inverse cylindrical structure is less favorable;
see section 4.1.1). The volume fraction φs of inverse
spheres (the solvent domains) is then defined geo-
metrically:

It is obvious that both R and intermicellar distance
(∼R/φs

1/3 ∝ φs
2/3) tend to 0 as φs is decreased (the

optimum R is still finite of course: it is determined by
the relevant cutoff, the size of polar groups).

Therefore, the lowest conformation free energy is
achieved with an inverse structure (a more careful
analysis shows that it is the inverse spherical structure
that is favored, see section 4.1.1); i.e., precipitation of
regular HP copolymers is predicted.

Below we address the following basic question: is it
possible to make low-dimensional (in particular, finite)
copolymer aggregates thermodynamically stable by
resorting to an irregular arrangement of P units along
the hydrophobic backbone. The answer is positive, but
the general problem is rather complicated. That is why
we start analyzing it with the simplest example: ag-
gregation of the so-called H-PH copolymers11 consisting

F ) Fvol + Fsurf + Fconf + Fbend

Fbend = ∫[12K(C1 + C2 - C0)
2 + KGC1C2]dA (1)

K ) 9
64(12

π2)1/3
nP

3σ7/3w4/3b′2/3, KG ) - 64
105

K (2)

Figure 1. Two separate aggregates (a); united aggregate (b).

1 - φs

φs
) 3

RR
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of one long H block and many short H blocks (Figure
2).

3. H-PH Copolymers
The very copolymer structure shown in Figure 2

implies that almost every P unit is conjugate with a
short H block. As all P units are at the surface, the HP
section of the chain (with short H blocks) must form
interfacial (surface) layer with an optimum surface area
A0. We assume that this layer is relatively thin: its
thickness h is much smaller than the characteristic size
of the aggregate, D (the thickness h is comparable to
the size of P units). This is equivalent to assuming that
the total length of all short H blocks is smaller than
that of long H blocks (we also assume that the size of
short H blocks is comparable to the size of P units). The
core(s) of the aggregated structure must be then formed
primarily by long H blocks. We assume that the core H
blocks are so long that their conformational energy
(which is due to their elastic elongation and localization
of their ends) is negligible (apart from direct contribu-
tion of long blocks to the interfacial tension due to the
inhomogeneous distribution of H units near the surface).
The necessary condition for that is KC0

2 . 1/(Nb2),
where N is the number of H units in a long block (i.e.,
approximately, the total copolymer polymerization de-
gree).

Therefore, the equilibrium structure of the system is
defined by minimization of Fbend/V (see eq 1) for a given

R ) A/V. There are two essential nondimensional
parameters involved: the ratio of elastic constants KG/K
and the reduced spontaneous curvature C̃ ) C0/R. The
surface layer can be viewed as an inner sublayer of short
H loops and outer sublayer of P units. If each P unit is
actually a short grafted soluble block, then the P
sublayer may be considered as a swollen brush. On the
other hand, the H sublayer is more like a molten brush.
The theoretical ratio KG/K for a swollen brush is defined
in eq 2: KG/K = - 64/105. The similar ratio for a molten
brush is KG/K = - 4/15.9 It seems reasonable to assume
that KG/K for H-PH copolymers is between the two
values mentioned above which we may consider as the
reference values. As for C0, it is determined by a
competition between the inner and the outer sublayers,
so C0 can take any value, either positive or negative,
and the same is true for the reduced curvature C̃. In
what follows we typically assume that C0 g 0; i.e., the
surface tends to be convex.12

Minimization of the bending energy may seem a
straightforward task, however it is in fact rather
involved technically and often requires an extensive
numerical work.13 To simplify the problem, we restrict
the consideration to the following basic shapes of the
copolymer aggregates: infinite plain layer, infinite
cylinder, sphere, finite cylinder with semispherical caps,
disk with round edge, vesicle (spherical layer), torus,
and a “swollen star” consisting of a central large sphere
and a number of smaller spheres (Figure 3).14

Inverse structures (inverse cylinders or spheres)
involve concave interfaces (with negative mean curva-
ture), and hence, they are always less favorable than,
e.g., plain layers (since C0 > 0 and -2 < KG/K < 0). An
analysis shows that other more complicated structures
like modulated cylinder or bicontinuous phases with
triply periodic surfaces15 can be competitive if both |KG/
K| and C̃ are small enough. For example, modulated

Figure 2. H-PH copolymer.

Figure 3. Infinite plain layer (a); infinite cylinder (b); spherical aggregate (c); finite cylinder with semi-spherical caps (d); finite
disk with round edge (e); vesicle (f); torus (g); “swollen star” (h).
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cylinder may become favorable for |KG/K| < 1/8. Thus,
we disregard these structures here since the reference
values of |KG/K| are higher.

The bending free energy of a spherical aggregate
(radius R) is

where C̃ ) C0/R and R ) 3/R. Similar equations can be
obtained for other shapes of the aggregates. By compar-
ing the bending free energy per unit area for different
shapes, we found that the equilibrium structure never
involve finite cylinders or disks, etc: it is only infinite
layers, infinite cylinders, spheres, and “swollen stars”
that compete with each other. The phase diagram is
shown in Figure 4. Infinite plain layers are always
favorable at low positive C̃; “swollen stars” are formed
if the reduced curvature is large enough.

Each “swollen star” consists of a large central sphere
of radius Rc and many much smaller spheres forming
“arms” (see Figure 3). The radius R of the peripheral
spheres is defined by the spontaneous curvature: R =
2/C0; Rc . R. The volume of the central sphere (Vc) and
the total volume of all smaller spheres (Vsmall) are
comparable: a simple geometrical argument shows that
Vsmall/V = 2/3C̃ (here V ) Vc + Vsmall is the total volume).
On the other hand the total surface area of the smaller
spheres is dominating. Thus, the overall size of the
“swollen star” is nearly equal to Rc if C̃ . 1. To estimate
this size, we have to invoke the elastic free energy of
the long blocks (which is negligible for other morphol-
ogies as discussed above). Assuming that the “star” is
formed by many H-PH copolymers (and that C̃ . 1),
we write its free energy as

where

is the number of chains in the aggregate, and v0 ) 1/c0
is volume per H unit. Here the first term is the surface
bending energy of the central sphere (the bending
energy of the small spheres is negligible because their

surface curvature is C0; the contribution of the Gaussian
curvature term amounts to 4πKG for the whole star; i.e.,
it is also negligible in comparison with the first term).
The second term is the conformational (elastic) energy
of long H blocks (the numerical factor 1/10 corresponds
to the “weak stretch limit” considered in section 4.1.1,
see eq 15). Minimizing the free energy per copolymer,
Fstar/N, we get Rc = (15Kv0b2R2C̃2N2/2)1/3. The number
of peripheral spheres forming the “arms” is

It should be expected that C̃ ) C0/R is rather sensitive
to external conditions like solvent quality (or temper-
ature) because the spontaneous curvature C0 is con-
trolled by a subtle balance of bending elasticities of the
two (P and H) surface sublayers. Therefore, it is reason-
able to assume that C̃ varies while other parameters
like R, KG/K, and c0 stay nearly constant. The following
morphological changes are then predicted as C̃ increases
from - ∞ to + ∞, for example, at KG/K ) - 4/15: the
H-PH copolymers precipitate for C̃ < 0, form infinite
layers for 0 < C̃ < 0.25, infinite cylinders for 0.25 < C̃
< 0.406, spherical aggregates for 0.406 < C̃ < 0.91, and
“swollen stars” for C̃ > 0.91.16

The thickness of layers and cylinders, and the diam-
eter of spheres are nearly constant in the respective
windows of their stability (since R ≈ const). On the other
hand, the size of “swollen stars” is increasing with C̃
being approximately proportional to C̃2/3. Similar changes
are predicted for KG/K ) - 64/105, except that the
window of stability of cylindrical aggregates disappears
in this case.

Thus far, we assumed many copolymer chains per
aggregate, i.e., that c0/(NR3) . 1. If this is not the case,
then the mass of an aggregate has to be quantized. This
effect may destabilize simple spherical aggregates in
favor of “swollen stars” , infinite or finite modulated
cylinders and other nonspherical shapes. For example,
a simple analysis of the opposite limit of very long
copolymers, NR3/c0 . 1 (many “optimal spheres” per
copolymer) yields the following transitions as C̃ is
increased: plain layers (see Figure 3a) 0.25 f infinite
cylinders (see Figure 3b) 0.5 f infinite modulated
cylinders (Figure 5a) f finite modulated cylinders
(Figure 5b) 2/3 f “swollen stars” (Figure 3h); the
numbers above the arrows indicate approximate values
of C̃ at the transitions.

4. Irregular Sequences

Thus far, we considered a rather special case of H-PH
copolymers where formation of finite aggregates is
induced by spontaneous curvature of their surface which
in turn is defined, in particular, by sufficiently strong
interactions of polar units at the surface. In this regard,
the very mechanism selecting the shape of the ag-
gregates is rather similar to that defining the geometry
of block copolymer micelles and the related microdomain
structures.

In this section, we consider a much more subtle case,
assuming that polar units are structureless (material
points), so they do not prefer any surface curvature, and
their fractions are still small. Thus, to obtain the
equilibrium structure of the system we minimize its free
energy disregarding any explicit bending energy. This

Figure 4. Phase diagram for H-PH copolymers; K̃ ) KG/K,
C̃ ) C0/R; lam ) infinite plain layers; cyl ) cylinders; sph )
spheres.

Fs ) 2πK(2 - 3C̃)2 + 4πKG (3)

Fstar =
1
2
KC0

24πRc
2 + N

Rc
2

10Nb2

N =
4πRc

3

3Nv0

M =
2

3C̃
Rc

3

R3
=

5
8
Kv0b

2R5C̃4N2
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is equivalent to minimizing the conformational free
energy (per copolymer chain) for a given R ) A/V.

The same model was considered for the regular HP
copolymers in section 2.2: we argued that regular
copolymers always precipitate under such conditions.
Below we show that it is possible to stabilize finite
copolymer aggregates by playing with molecular weight
distribution of H blocks.

The general task of free energy calculation is consid-
ered in the next section. To simplify the theoretical
treatment we restrict the analysis to the most sym-
metric morphologies: inverse spheres, inverse cylinders,
plain layers, cylinders, and spheres. This choice is
inspired by the results of the previous section showing
that other less symmetric shapes of the aggregates are
likely to be less stable (we disregard the “swollen star”
shape though).

4.1. Conformational Free Energy. The core of an
aggregate can be considered as a system of H loops with
ends at the surface. Analytical calculation of their
conformational free energy (with the additional condi-
tion that the overall density of H units is nearly uniform
inside the core) in the general case seems to be an
untractable task: a similar problem with polydisperse
end-grafted chains has not yet been solved analytically
for nonplanar geometries even in the asymptotic strong
segregation regime. That is why below we assume the
regime of weakly stretched blocks, which has been
proven to be tractable analytically. We prefer to call it
the weak stretch limit (WSL) rather than weak segrega-
tion because segregation (of P and H units) is actually
extremely strong: P at the surface and H in the core.
What is assumed is that H blocks in the core are not
significantly stretched, i.e., that the corresponding
molecular field in the core is weak enough and can be
considered as a perturbation. Clearly this regime must
correspond to the situation when the mean Gaussian
size of the H blocks is much larger than the aggregate’s
thickness: nj . D2/b2. However this does not mean that
every block is long: a broadly polydisperse distribution
of block length including a small fraction of short blocks
is allowed.

The conformational free energy can be derived in two
steps. First we assume no molecular field in the core,
i.e., ideal noninteracting loops. The corresponding free
energy term, Floc, is entirely due to localization of the
loop ends at the surface:11

where N is the total number of H blocks (thus N = NP),
p(n) is the fraction of H blocks with exactly n units, and
Gn is the statistical weight of a loop of n units with one
end fixed at the surface and another end anywhere at
the surface:11

Here G(r, n;r0) is the statistical weight of an H block
(n) with ends at r0 and r.

It is important to note that the overall distribution
of H units in the core is not necessarily uniform at the
first step: c1 ) c1(r) ) c0 + δc1(r). That is why a
molecular field is required. The molecular potential U(r)
()potential energy of an H monomer unit located at r)
is introduced at the second step. We find the corre-
sponding contribution to the conformational free energy
(which we somewhat arbitrarily refer to as elastic) by
assuming that U(r) is being turned on gradually:

where δc(r) is the variation of concentration of H units
induced by a variation δU(r) of the molecular field (such
that ∫δc(r) ) - δc1(r)). A great simplification is coming
now from the fact that δc is dominated by the response
of long blocks (since the weight fraction of short blocks
is small, and any short block produces a weaker
response to δU as compared to a long block). Therefore,
the ground-state approximation is applicable; i.e., we
may calculate δc assuming that the loops are infinite.
The result

coincides with the well-known square-gradient confor-
mational energy. To use this equation we have to find
δc1(r). Neglecting a contribution of short blocks, we write

where 2N is the total number of ends of all long blocks
and ψn(r) is the distribution density of the n th monomer
unit of an infinite ideal H block that is end-grafted to
the surface (the grafted end is n ) 0).17

The ψ-functions satisfy the well-known Edwards
equation

with the initial condition ψ0(r) ) const δ(h(r)) stemming
from the fact that the grafted unit (n ) 0) can be
anywhere on the surface. Here δ(‚) is the δ function,
h(r) is the distance from r to the surface, and const )
1/A is defined by the normalization condition: ∫ψn(r)
d3r ) 1. The boundary condition

Figure 5. Infinite modulated cylinder (a); finite modulated
cylinder (b).

Floc ) -N∫p(n) ln Gn dn (4)

Gn ) 1
A

IId2rd2r0G(r, n;r0) (5)

Fel ) ∫δF, δF ) -∫d3r U(r)δc(r)

Fel =
b2

24c0
∫(∇c1)

2 d3r (6)

δc1(r) = 2N ∫ dn ψn(r) (7)

∂ψn

∂n
) b2

6
∇2ψn (8)
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(∇⊥ is the gradient in the direction normal to the
surface) reflects the desired uniform distribution of H
units in the core.

Thus, we get using eqs 6-8

where nj = c0V/N is the mean length of an H block;
Φ(r) is defined by the following equations:

Noting an obvious relation between ψn(r) as defined
by eq 8 and the partition function G(r, n;r0)

and using eqs 4 and 5, we get an alternative represen-
tation of Floc

where

The constant term - N ln R does not depend on the
aggregate’s shape.

Employing the analogy between eq 8 and the simple
diffusion equation we note that Ψn is proportional to
the probability that a Brownian trajectory that starts
at the surface would return to it after n time steps.
Noting also that eq 9 corresponds to the reflective
boundary conditions for the diffusion problem, we find
that Ψn f 1 as n f ∞ since ψn(r) tends to a uniform
function of r for large n. Therefore, long blocks do not
contribute to the second term in Floc (since ln Ψn f 0
for n . D2/b2, where D ∼ 1/R is the aggregate’s size).
The “elastic” free energy can be also expressed in terms
of Ψn:

Thus, the total conformational energy is

where Fel, Floc are defined in eqs 11 and 13.
4.1.1. Regular Copolymers. We start the detailed

consideration of the WSL with the simplest case of
regular copolymers. Here the localization term (per
block) is just a constant: Floc/N = - lnR since all blocks
are long, n ) nj . D2/b2. The elastic term can be obtained
using eq 10. The result is

where Kel ) d/(d + 2) with d ) 1 for layers, d ) 2 for

cylinders, and d ) 3 for spheres. Note that the energy
per block is proportional to D2/Rn

2, where D ∼ 1/R is
the aggregate’s size, and Rn is the Gaussian gyration
radius of the block. Thus, Fel is formally nearly the same
as the energy of block elongation in the strong stretch
limit (apart from a numerical factor). This perhaps
justifies the name “elastic” attributed to this energy.

For inverse structures, we use the spherical (cylindri-
cal) approximation for the Wigner-Seitz cell: the H
domain within one cell is represented as a layer between
two concentric spheres (cylinders) of radii R and rR,
respectively, r > 1. Thus, we get

for inverse cylinders (i.cyl) and

for inverse spheres (i.sph). The reduced surface curva-
ture (defined after eq 3) is related to r:

Obviously Kel for inverse structures is vanishing as r is
increased. Therefore, inverse structures with large |C̃|
(small R) are more favorable than other structures as
already mentioned in section 2.2. The asymptotic be-
havior of Kel for large r (large |C̃|) is

Obviously the lowest Fel for a given large |C̃| corresponds
to a structure of inverse spheres as stated in section
2.2.

4.1.2. Irregular Copolymers. We now turn to the
effect of polydispersity of H blocks assuming that there
is a fraction of relatively short H blocks. Therefore, the
second term in Floc, eq 11, must be taken into account.
As for the elastic term, Fel, it stays the same as for
regular copolymers, i.e., eq 15 is applicable. Therefore,
the only missing quantity required for calculation of the
conformational free energy is the reduced “return prob-
ability” , Ψn. It can be obtained using eqs 8 and 12.
Skipping the details, we write the result:

where

K ) 2/d (i.e., K ) 2 for layers, K ) 1 for cylinders, and
K ) 2/3 for spheres)

and q is taking the values of all roots of the character-
istic equations:

∇⊥ψn ) 0, for r on A (9)

Fel =
N 2

c0A
∫0

∞
dn I (ψn(r) - 1/V) d2r =

N
njA

IΦ(r) d2r

(10)

b2

6
∇2Φ ) 1 - V

A
δ(h(r)), for r in V;

∇⊥Φ ) 0, for r on A; ∫Φ d3r ) 0

ψn(r) ) 1
A

Id2r0G(r, n;r0)

Floc = - N ln R - N∫p(n) lnΨn dn (11)

Ψn ) 1
R

I d2r ψn(r) (12)

Fel =
N

njA
IΦ(r) d2r ) N

nj∫0

∞
(Ψn - 1) dn (13)

Fconf ) Floc + Fel (14)

Fel/N = Kel
6

R2njb2
(15)

Kel ) 1
(r2 - 1)2[r4ln r2

r2 - 1
- 1

2
(3r2 - 1)]

Kel ) 3
5

5r3 + 6r2 + 3r + 1
(r2 + r + 1)3

C̃ ) -1
RR

) 1
2
(1 - r2), for i.cyl;

C̃ ) -2
RR

) 2
3
(1 - r3), for i.sph.

Kel ∼ ln|C̃|
|C̃| for i.cyl; Kel ∼ 1

|C̃| for i.sph

Ψn ) Ψ(z) ) 1 + ∑
q>0

K exp(- zλ(q)) (16)

z ) nb2R2

6

λ(q) ) q2

d2
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In the case of inverse structures Ψn depend also on the
ratio r of the outer radius to the inner radius of the
primitive cell:

where

for inverse cylinders, and

for inverse spheres. Here Jν(‚), Yν(‚) are the Bessel
functions of the first and second kinds, respectively.

Note that Ψn actually depend on just one parameter,
z ) b2R2n/6 (apart from the geometry of the ag-
gregates): Ψn ) Ψ(z). Plotting Ψ(z) for different mor-
phologies one can see that (for a given z) the “return
probability” is the highest for spheres. The same ten-
dency can be observed by analyzing Ψ(z) for small z.
After some algebra we get

where C̃ ) (C1 + C2)/R is the reduced surface curvature
(see section 3), C̃ ) 0 for plain layers, ) 1/2 for cylinders,
) 2/3 for spheres, and C̃ < 0 for inverse structures.
Qualitatively eq 17 can be understood as follows: the
free end of a block attached to the surface can explore
a region of size s ∼ xz, Ψ is nearly proportional to the
ratio of accessible area to the accessible volume, and
the latter is smaller if the surface is bent toward the H
region; hence, higher Ψ is seen for spherical aggregates
than for plain layers or for inverse structures.

Omitting the first constant term in eq 11, we write

Thus, Floc is always decreasing when the morphology
changes from an inverse structure to plain layers, then
to cylinders, then to spheres, i.e., behavior which is
exactly opposite to the behavior of Fel. Therefore, the
localization free energy, Floc (that is effected for irregular

sequences) may give rise to stabilization of spherical (or
cylindrical) aggregates if the ratio |Floc|/Fel is not too
small. This ratio can be estimated as (see eqs 15 and
18)

where ps is the fraction of relatively short blocks with
Gaussian size jD ∼ 1/R, the aggregate’s size. Clearly,
this ratio may be however high provided that nj is long
enough (or R ∼ 1/D is large enough).

Another important dissimilarity between the elastic
and the localization terms concerns their dependence
on the reduced surface area R. Obviously Fel is a
decreasing function of R (see eq 15). On the other hand
Floc is always increasing as R is increased: note that
Ψn ) Ψ(z) is a strictly decreasing function of z ) nb2R2/
6.

As a simple example let us consider the total confor-
mational energy Fconf ) Fel + Floc for a bimodal block-
length distribution (just short and long blocks)

assuming the spherical geometry (ps , 1, nj = nl . ns).
Using eqs 15 and 18, we get

where Ψ(‚) is defined in eq 16.
A typical plot of the total conformational energy vs R

(for the spherical morphology) is shown in Figure 6.
Fconf/(Nps) depends on just two parameters: the dimen-
sionless surface area

and

Note that Fconf is decreasing at both small and large
R’s, while it is increasing with R in the intermediate
region when Floc is dominating. Thus, the plot shows a

sin q ) 0, for layers

J1(q) ) 0, for cylinders

tan q - q ) 0, for spheres

Ψn ) Ψ(z) ) 1 + ∑
q>0

K(q, r) exp(-zλ(q, r))

K(q, r) ) (r2 - 1)/(r2¥2 - 1),

¥ )
Y1(q)J0(qr) - J1(q)Y0(qr)

Y1(q)J0(q) - J1(q)Y0(q)

λ(q, r) ) q2

4
(r2 - 1)2, J1(q)Y1(qr) - Y1(q)J1(qr) ) 0

K(q, r) )

2
3
(r2 + r + 1)q2/[q2 + 1 +

q2 - 1 +
2q2(r - 1)

1 + rq2

1 + rq2 +
q2(r - 1)2

1 + rq2
]

λ(q, r) ) q2

9
(r3 - 1)2, tan[q(r - 1)] -

q(r - 1)

1 + rq2
) 0

Ψ(z) =
1

xπz
+ 0.5 C̃ + O (xz) (17)

Floc/N = - ∑
n

p(n) lnΨ(b2R2n/6) (18)

Figure 6. Typical dependence of the conformational free
energy F̃conf ) Fconf/(Nps) on the reduced surface area R̃ )
Rbxns/6 (for spherical aggregates); Nps ) number of short
blocks; B ≡ ns/njps ) 0.05. The dashed line corresponds to
spherical aggregates with crumpled surface.

|Floc|
Fel

∼ ps
njb2

D2
(19)

p(n) ) psδ(n - ns) + (1 - ps)δ(n - nl) (20)

Fconf/N ) Fel/N + Floc/N =

3
5

6
R2b2nj

- pslnΨ(R2b2ns/6) (21)

R̃ ≡ Rbxns/6

B ≡ ns

njps
; B ) 0.05, ps , 1
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minimum at R ) Rmin and a broad maximum at a larger
R. Note that

where R̃min is a coefficient that depends only on

(and on the shape of the aggregates) and Rs is the
unperturbed gyration radius of short blocks.

Now we argue that the increasing part of the depen-
dence Fconf vs R is unstable: In fact it is always possible
to reduce the apparent area of the smoothed surface,
A*, by introducing an appropriate short-range waviness
of the core/solvent interface (Figure 7). It is important
that both Fel and Floc (defined in eq 18) depend on the
apparent area parameter

i.e., it is R* that must be substituted for R in eqs 15
and 18. If R > Rmin, then aggregates with lower apparent
surface area (R* ) Rmin) are favorable; hence, the actual
core/solvent interface has to become crumpled. The
degree of crumpling is

(see Figure 7; here we assume that the length-scale of
the surface pattern is much shorter than both the
typical size of the aggregate, D, and the size of a short
block).

Note that D keeps constant in the region R > Rmin: D
∼ 1/Rmin. Let us estimate D for the bimodal case, eq 20,
assuming that

As verified below this condition is equivalent to assum-
ing that D is much larger than the size of short blocks,
i.e., that R̃2 ) R2b2ns/6 , 1. Therefore, the asymptotic
eq 17 is applicable here, i.e., (see also eq 21):

Minimizing Fconf with respect to R we get

i.e., the aggregate’s diameter18

Note that D is proportional to the size of long blocks Rl

∼ bxnj and to the square root of the fraction of short
blocks. We can now verify that R̃2 ) R2b2ns/6 ∼ B , 1
and that Rs , D , Rl.

It is interesting that the localization free energy
generates an apparent surface tension in the regime R
> Rmin considered above. In fact

in this regime, where R* ) A*/V. Hence the apparent
surface tension

i.e., γ* is proportional to the number of short blocks per
unit area.

4.2. Phase Diagrams for Irregular Copolymers.
Having considered a few simple examples illustrating
the typical features of aggregation of irregular copoly-
mers, we now turn to a systematic description of the
aggregation for different molecular-weight distribution
of H blocks. We first consider the simple bimodal
distribution, eq 20. The phase diagram is shown in
Figure 8. The relevant dimensionless parameters are

Note that the ratio

Since irregularity affects the localization free energy
only, it is not surprising that for small R̃ or for larger B
the structure is the same as predicted for regular
copolymers, i.e., an inverse structure of precipitated
copolymer matrix with an array of relatively small
solvent spheres in it (0 precipitate); the size D of the
spheres is defined by the competition of the elastic
energy and the surface bending energy; the resultant
D is much smaller than the size of H blocks.

For small B the main effect of the localization free
energy is just a renormalization of the effective surface
energy: note that the second term in the rhs of eq 23
depends on R, but it does not depend on the morphology.
Therefore, in analogy with regular copolymers, separate
aggregates are less favorable than inverse structures
in this regime. However, the competition between
inverse structures is more subtle here: the asymptotic
eq 17 is not applicable for inverse structures since
typically the interfacial curvature is too high. As a
result, inverse cylindrical structures are stable in a
relatively narrow region R1 < R < R2, where

Figure 7. Crumpled interface with A > A*; the apparent area
of the smoothed surface is A*. The length-scale of the surface
pattern, λ, is much shorter than D.

Rmin ) R̃min/Rs, Rs ) bxns/6 (22)

B )
ns
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R* ) A*
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A
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) R
R*

) R
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B )
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njps
, 1.

Fconf/N =
3
5

6
R2njb2

+ 1
2
ps ln(πR2b2ns/6) (23)

Rmin
2 =

36
5

1
psnjb2

,

D ) 6/R = x5xpsbxnj

Floc = N
ps

2
ln(π(R*)2b2ns/6)

γ* )
∂Floc

∂A*
=

Nps

A*
,

R̃ ≡ Rbxns/6 and B ≡ ns

njps

|Floc|/Fel ∼ R̃2

B

R̃1 ∼ exp(-const
B ) and R̃2 ∼ B

|ln B|
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The reason is that the radius of curvature of the
copolymer/solvent interface, Rin, is much smaller than
the size of short blocks, Rs, in this regime. Therefore,
the probability that a short block returns to the same
interface forming a loop can be much higher for an
inverse cylinder than for an inverse sphere of a com-
parable radius; hence, an inverse cylindrical morphology
can be favored. The ratio Rin/Rs increases with R, thus
shifting the equilibrium to a structure of inverse spheres.
For R > R3 inverse spheres with crumpled interfaces
are favorable; R3 corresponds to the minimum of Fconf-
(R) as explained above.19

For not too small (and not too large) B’s the localiza-
tion term favoring finite aggregates is still competitive
with the elastic term, and, at the same time, the regime
of crumpled interfaces is shifted to higher R̃’s. Therefore,
plain layers, or cylindrical (spherical) aggregates are
becoming favorable in this regime (see Figure 8). Note
that finite spherical aggregates (including spheres with
crumpled surfaces) are stable in a relatively narrow
range of B’s: 0.175 < B < 0.187.

Next we turn to the case of polydisperse short blocks:

i.e., an exponential (Flory) molecular-weight distribution
for short blocks. This distribution is characteristic of
correlated random copolymers20 (the assumption of
monodisperse long blocks is inessential: a moderate
polydispersity of long blocks does not affect either the
free energy, or the morphology). The corresponding
phase diagram (Figure 9) is qualitatively similar to that

for the bidisperse case. The main quantitative differ-
ence: the window of stable finite aggregates (spheres)
is much wider in Figure 9 as compared with the
bidisperse case.

Molecular-weight distributions of polymers often obey
power-laws for short chains (Schultz-Zimm distribu-
tions21). On the other hand, the power-law distributions
of block lengths had been discussed for proteins22,23 and
“proteinlike copolymers” 24 (Levy flight statistics of
copolymer sequence). These notions inspire consider-
ation of the following distribution

where

H(‚) is the Heaviside function, ps , 1. A simple scaling
analysis of eq 18 yields

On the other hand

(see eq 15). The structure of the aggregates depends on
the ratio |Floc|/Fel defining the following essential pa-
rameter:

Thus, we predict a universal phase diagram in terms

Figure 8. Phase diagram for bidisperse distribution of H
block length; R̃ ) Rbxns/6, B ) ns/njps. 0 ) 0 precipitate
(characteristic of regular HP copolymers); 1 ) plain layers; 2
) cylinders; 3 ) spheres; 2h ) inverse cylinders; 3h ) inverse
spheres; c stands for “with crumpled interfaces” .

p(n) )
ps

ns
e-n/ns + (1 - ps)δ(n - nl)

Figure 9. Phase diagram for exponential length distribution
of short H blocks. All notations are as in Figure 8.

p(n) ) Cs(njn)θ
H(nj - n) + (1 - ps)δ(n - nj)

Cs )
ps(1 - θ)

nj
,

Floc/N ∼ -
ps

(R2njb2)1-θ

Fel/N ∼ 1
njb2

1
R2

R̃ ) const Rbnj1/2ps
1/2θ
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of R̃ and the exponent θ (provided that ps , 1 and that
the weak stretch conditions are satisfied). We have
considered the range 0 < θ < 1 in order to avoid
divergencies of the free energy terms for either large or
small n’s. The diagram calculated using the general
equations obtained in the previous section is shown in
Figure 10. If θ > 0.48, then only inverse morphologies
are thermodynamically favorable. We also observe that
spherical aggregates are not stable if θ > 0.37. On the
other hand, if θ < 0.37, then finite aggregates (globules)
are always stable (perhaps with crumpled surfaces),
provided that the optimum surface area is large
enough: R̃ J 0.4. The size of the spheres with crumpled
surface is

i.e., this size is quite sensitive to the fraction of short
blocks, in particular, if θ is small.25

5. Discussion and Conclusions
(1) In this paper we proposed a theory of aggregation

in solutions of amphiphilic copolymers (so-called HP
copolymers). In particular, we consider the case when
the fraction of soluble (P) monomer units in the se-
quence is small, therefore regular copolymers are es-
sentially insoluble: they are precipitating. The main
conclusion is that finite aggregates (including single-
chain globules) of the copolymers can be made stable
by an appropriate smart arrangement of the same
soluble P units along the chemical sequence. That sort
of copolymers that can form finite aggregates with
H-core/P-shell structure, can be referred to as proteinlike
copolymers.26 Thus, the present theory elucidates cer-
tain essential features of proteinlike copolymer se-
quences.

More generically, we refer to such sequences as
“irregular copolymers” thus stressing that they are

neither regular nor totally random. An irregular HP
copolymer considered in the paper is a sequence of
insoluble H blocks separated by identical P units. The
irregularity of the copolymer sequence is thus related
to the polydispersity of H blocks.

(2) We considered two qualitatively different cases:
(i) one or a few long H blocks and a lot of very short H
blocks, the size of short blocks being comparable to the
size of P units (each P unit can be viewed as a short
monodisperse soluble block); (ii) a lot of long H blocks
with a small fraction of shorter H blocks, the size of
short H blocks being still much larger than the size of
P units. In all cases, the copolymers tend to form a core/
shell structure: interactions of H units in the core define
its (optimum) volume V, and interactions of P units at
the surface define the optimum surface area A; the
relevant important parameter is R ) A/V. Finite ag-
gregates can be stable in both cases i and ii, yet for
rather different physical reasons.

(3) In case i finite copolymer aggregates (spheres and
“swollen stars” ) are stabilized by a spontaneous inter-
facial curvature favoring convex surfaces (when ob-
served from the side facing the solvent). The spontane-
ous curvature can be induced by, e.g., repulsion of the
soluble P units at the surface. The relevant phase
diagram indicating the regions of stability of different
aggregate kinds is shown in Figure 4. Finite aggregates
are stable if the reduced preferred curvature C̃ is high
enough. Note that the aggregates are thermodynami-
cally stable: they do not precipitate.

(4) For the copolymer model ii, the driving force
destabilizing inverse structures in favor of finite ag-
gregates is the localization entropy related to the
requirement that both ends of a short H block must be
located at the surface. The entropy is higher if the
surface is curved toward the “hydrophobic” side thus
increasing the probability of an H loop (an H block of a
given length starting and terminating at the surface).

Another effect predicted in the paper is the formation
of short-scale surface patterns in the case when the
(optimum) interfacial area is large enough, i.e., for high
R’s (this effect is referred to as surface “crumpling” ).
The length-scale of the pattern is much smaller than
the size of H blocks. We did not investigate the precise
short-scale structure of the pattern: the only essential
parameter is the ratio of the actual area of the “crumpled”
interface to the apparent area of the smoothed surface.
The driving force for “crumpling” is the same entropy
of short H loops (with both ends “attached” to the
interface) that favors structures with higher accessible
area of the interfacial region.

The phase behavior for the copolymer model ii is
extremely sensitive to the length distribution of short
H blocks. The three illustrative examples are shown in
Figures 8-10 for monodisperse, exponential, and power-
law (∼n-θ) distributions, respectively.28 Finite aggre-
gates are stable in wide R ranges for the exponential
distribution, and for the power-law distributions with
a low exponent θ. For example, for exponential distribu-
tion with B ) 0.33, the following transitions are
predicted as R is increased: 0 precipitate f precipitate
with inverse cylindrical structure f inverse spherical
structure f unbound plain copolymer layers f layers
with crumpled surface f cylindrical aggregates f
cylinders with crumpled surface f spheres f spheres
with crumpled surface. For the power-law distribution
with θ < 0.16 the following morphologies are obtained:

Figure 10. Phase diagram for power law length distribution
of short H blocks (p(n) ∝ n-θ). R̃ ) const Rbnj1/2ps

1/2θ. All other
notations are as in Figure 8.

D ∼ bnj1/2ps
1/2θ
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0 precipitate f inverse cylinders f finite spheres f
spheres with crumpled surface.

The diameter (thickness) D of the aggregates is
inversely proportional to R for R < Rmin, and D ) const
in the regime of crumpled interfaces, R > Rmin; in all
cases, D is roughly proportional to the typical Gaussian
size of short blocks (except the case of power-law
molecular-weight distribution when the typical size of
short blocks just cannot be defined).

(5) To illustrate how the predictions (for the second
model) work for a realistic situation, let us consider HP-
copolymers in a slightly poor solvent for H blocks, i.e.,
close to the coil-globule transition for the reference H
homopolymers (still we assume that H/H attraction and
H/P repulsion are strong enough, so that a core/shell
structure is formed). As we showed above, the ag-
gregated structure for the second model is defined by
the surface area parameter R (apart from the block-
length distribution). Therefore, it would be instructive
to find out how R depends on the “distance” to the
θ-point

It is well-known that homopolymer in a slightly poor
solvent normally precipitate; concentration in the poly-
mer phase scales as c0 ∝ τ for τ , 1, and polymer/solvent
interfacial tension, γH ∝ τ2.4 It is likely that incorpora-
tion of a small fraction of P units in the polymer chains
does not affect c0 much; i.e., the core volume

On the other hand, it is interactions of P units that
define the optimum surface area A. Let us assume that
P units are actually relatively short grafted chains of
nP subunits, forming a brush facing a marginal solvent.
Then the energy of their repulsion (per unit area) scales
as29 γP ∝ σ5/3, where

is surface density of P units. Minimizing the total
surface energy A(γH + γP) with respect to A, we find
that the optimum density σ ∝ τ6/5 and the optimum area

Hence R ) A/V ∝ τ-1/5.
We are now in a position to describe the theoretically

anticipated sequence of morphological transitions that
should occur as the solvent quality is decreased. For
example, let us consider the case of power-law length
distribution for shorter H blocks with the exponent θ )
1/4. An initial increase of τ will result in formation of
finite copolymer aggregates (or single-chain globules)
at τ ) τ0: nearly spherical aggregates with “crumpled”
surfaces are predicted here. The diameter D of the
aggregates is defined by an average of the Gaussian
sizes of H blocks. A further increase of τ nearly does
not affect D. On the other hand, the amplitude of surface
pattern decreases with τ, and it disappears at τ1 > τ0
(transition from “crumpled” spheres to normal spheres).
For τ > τ1, the size D weakly increases with τ (as τ1/5).

The following transitions are predicted as τ is further
increased: spheres f cylinders f unbound plain layers
f polymer precipitate with inverse cylindrical structure.
The first transition is accompanied by an abrupt de-
crease of D by a factor of 1.5 (the diameter of cylinders
is two-thirds of the diameter of “coexisting” spheres);
at the second transition D decreases by a factor of 2.30

(6) It is important to distinguish between dynamical
and thermodynamical stabilization of finite aggregates.
The dynamical stabilization can be always provided by
thick enough protecting surface layers of soluble P units
(P blocks). However, these layers as such do not ensure
at all that finite aggregates are thermodynamically
more favorable than other structures (for example,
infinite plain layers, or inverse morphologies). Hence,
finite aggregates could be dynamically stable, but
unstable thermodynamically. It is the thermodynamical
stability of different aggregated structures that was
considered in the present paper; that sort of stability is
controlled by a subtle competition between conforma-
tional preferences of different insoluble H blocks.

(7) Turning to a biological motif (already hinted at
by the term “proteinlike” ) we first note that protein
chemical structures are normally much more compli-
cated than those of “two-letter” irregular copolymers.
Therefore, the present theory is not applicable (at least
not directly) to compact protein structures. Nevertheless
certain analogies are not impossible. For example, some
proteins can form extended collective fibrillar structures
that are possibly more favorable thermodynamically
than protein globules31 (similar behavior had been
observed for synthetic peptides32). This phenomenon
resembles transitions between finite spherical and
cylindrical aggregates considered above for irregular
(proteinlike) copolymers.
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